We study orientational order on a (frozen) curved surface -we derive the average density of zeroes of Gaussian distributed vector fields on a closed Riemannian manifold. We compare the result with the density obtained from a Coulombgas model. The model describes the disordered state of two dimensional objects with orientational degrees of freedom such as fluid membranes above the hexatic to fluid transition.
PACS numbers: 61.30.Jf, 87.16.Dg, 02.40.-k To study orientational order on a surface at low temperatures, a Coulomb gas Hamiltonian is traditionally used [1, 2] . The interacting charges correspond to vortices in the underlying orientational field, which are the primary degrees of freedom at low temperatures. Our interest, however, is in the high temperature region. Here, a description in terms of vortices is highly unusual, because the order paramater fluctuates in an approximately Gaussian fashion about zero, so that there are many more degrees of freedom. Nevertheless, we show that such a description captures the main physics of the system in the disordered phase as well. We do this by calculating the density of defects in a Gaussian approximation to the orientational free energy, and showing that it agrees with the density of defects in the Coulomb gas free energy at high temperatures.
We will concentrate on the case of purely in-plane orientational order and therefore use a (two component) tangential vector field u i (σ) as the order parameter. σ = (σ 1 , σ 2 ) are internal coordinates of the surface. The statistical weight of u i will be described by a covariant, O(2)−invariant action with a Mexican hat-potential [1, 2, 3] .
where dA = det(g ij )dσ 1 dσ 2 is the invariant area element on a closed Riemannian manifold with line element ds 2 = g ij dσ i dσ j , D i is the corresponding covariant gradient, and c is the coupling constant (for an introduction to the theory of membranes and the appropriate differential geometry see [4] ). A critical temperature τ c (the mean field value τ c = 0 gets renormalized due to fluctuations) separates the disordered state τ > τ c (high temperature region) from the ordered state τ < τ c . Even on a mean field level, a perfectly ordered state might be impossible due to the Gaussian curvature. For example, on a sphere, a tangential vector field has at least two zeroes (defects), by the hairy ball theorem. We distinguish between two types of zeroes. One type, called a "positive zero", is characterized by det(D i u j ) > 0, while the other type, a "negative zero", has a saddle-like flow and is characterized by det(D i u j ) < 0. See figure 1 for an illustration of these types of defects.
The number of positive zeroes minus the number of negative zeroes is a topological constraint and equal to 2(1−γ), where γ is the number of handles of the (closed) surface, e.g. zero for a spherical topology and one for a torus.
The properties of the low temperature phase are determined by spin waves, which prevent true long ranged correlations. Instead, one finds an algebraic decay of the correlations (quasi long ranged order). Besides the spin waves, few thermally excited defects persist. Integration over the spin waves results in a Coulomb gas model for these defects (zeroes) [1] , where the defects carry a charge proportional to their index q = sign det(D i u j ) and a core energy (chemical potential [2] ). The interaction energy of the defects reads (K A is proportional to temperature)
G(σ, σ ′ ) denotes the Green's function of the Laplace-Beltrami operator ∆ (see [5] ) and ρ is the defect density ρ(σ) = i q i δ c (σ − σ i ). We note that the Gaussian curvature K = K(σ) appears as a background charge density. Charge neutrality and the Gauss-Bonnet theorem 2π i q i − dA K = 0 yields the topological constraint i q i = 2(1 − γ). Furthermore, positive defects tend to concentrate in regions with positive curvature, whereas negative prefer saddle shaped regions with negative curvature.
Above a certain temperature K A the low temperature phase with few defects is destroyed through unbinding pairs of defects (Kosterlitz Thouless transition). The high temperature phase shows a finite density of defects. The interaction between the defects is screened with a screening length of the order of the typical distance of the defects (Debye Hückel length). Above the transition temperature a Gaussian approximation of the Coulomb gas model (2) with a continuous defect density ρ becomes valid [1] .
where x is the fugacity of the charges. This approximation yields the mean charge density
We avoid the detour over the Coulomb gas model and calculate the defect density directly from equation (1) in the high temperature phase on an arbitrary curved surface. We derive the density of zeroes for a Gaussian ensemble of tangential vector fields u i in a high temperature expansion. For high temperatures the screening length is small compared to the radius of curvature -the surface appears to be almost flat. Upon increasing screening length more details of the geometry become relevant. Because field theoretic calculations in curved space are rather technical, we summarize the most important features of the results, and then show the calculation.
We find to second order in the temperature (mass) τ
which is equivalent to the Debye Hückel approximation (4), confirming the validity of the Coulomb model even for high temperatures.
To obtain defect densities from (1) in the disordered state we may neglect the irrelevant quartic term. However, upon renormalization, a term proportional to dA K u i u i is generated, where K = K(σ) is the Gaussian curvature. Since K has the dimension of 1/length 2 this term is as relevant as the gradient term. Thus in the high temperature phase the vector field is distributed according to the Gaussian weight
τ is now the mass of the vector field and η is the coupling of K to u i u i . In addition, the distribution for u i has to be equipped with a covariant cutoff procedure, such as the heat kernel regularization [6] . The zeroes of the field u i -are characterized by the index q = sign det(D i u j ) = ±1. The index (charge) describes the local topology of a flow u i near a zero u i (σ) = 0. The corresponding mean defect density reads [7] ( . . . denotes the average with respect to
which can easily be seen using a locally Euclidean coordinate system and linearizing the vector field around the zero u i (x 1 , x 2 ) = A ij x j :
To calculate the expectation value (at point σ) ρ(σ) one needs the joint distribution of u i (σ) and D i u j (σ) which is known since u i (σ) and D i u j (σ) are (2+4) Gaussian random variables with correlations
σ) . The calculation yields [8] (for an arbitrary Gaussian weight
with the tensor
is the matrix inverse of u m u n and ǫ ij is the covariant antisymmetric unit tensor. All moments are calculated at coinciding points σ. The expression for ρ can be simplified taking the global O(2)-invariance of the weight (6) into consideration -then
Thus, using (10) we have 2 det u i u j = u m u m and
To further simplify equation (9) we derive
using (11) and the Riemannian curvature tensor in 2D:
We end up with an expression for the mean defect density ρ
valid for any Gaussian, O(2)-invariant distribution for the vector fields u i . Since the r.h.s. of equation (13) is a total divergence, we gain, after integration over the surface the aforementioned topological constraint for the total charge of the defects
according to the Gauss-Bonnet theorem (1 − γ is the genus of the surface). To derive ρ from equation (13) we need to calculate u i u j and (D i u j )u k , which can be done in an expansion with respect to the interaction range 1/τ . It is convenient to decompose the vector field u i into a sum of a gradient and a curl u i = ∂ i φ + ǫ i j ∂ j χ. This representation is only valid for deformed spheres. For other topologies modes do exist which cannot be written as sum of a gradient and a curl, such as a torus with a flow along one of the perimeters. A particularly simple case is given for η = 1 because the potentials φ and χ decouple [9], i.e. they are uncorrelated. Due to
can be written as u 
we obtain the propagator for u i
with the scalar propagator
where the zeromode φ ≡const is omitted and a is an exponential cutoff length (heat kernel regularization). After some algebra we find
with (∆φ)∂ i φ = (1/2)∂ i (∆φ)φ applying the definition (17). Both − φ∆φ and ∂ m φ∂ m φ are logarithmically divergent for small cutoff lengths
where only the finite parts depend on the position on the manifold. Therefore the numerator of equation (18) is finite, whereas in the limit of small cutoff lengths the divergent denominator can be replaced by its most divergent (spatially constant) part. We get with the definition
We have ∂ m φ∂ m φ = (1/2)∆ φ 2 − φ∆φ and τ φ 2 = φ∆φ + φ(τ − ∆)φ yielding
The moment
is the Green's function of the Laplace-Beltrami operator at coinciding points, which can be obtained from conformal field theory [5] . We find ∆ 2 φ(τ − ∆)φ = −∆K/(2π). φ∆φ has to be calculated in an asymptotic 1/τ expansion. With the help of [6, 10, 11] we find for the finite part of φ∆φ
Finally we obtain as our main result the average defect density ρ
To lowest order in the correlation length τ −1/2 this is equivalent to the DebyeHückel approximation (4) provided one identifies K A x = 6Zτ . For larger correlation lengths, however, deviations show up. The term ∝ τ −1 will be independent of the coupling η for dimensional reasons -the next orders, however, depend on η. We conjecture, that the expansion (22) remains valid for arbitrary genus of the surface. Treating general genus and η, however, requires the calculation of moments of the vector field u i directly, which is much more complicated and beyond the scope of this letter.
To conclude, we derived the average density of defects (zeroes counted according to their index) of vector fields with a Gaussian distribution on a curved surface. We found, that for high temperatures the zeroes behave like (screened) charges in the presence of a background charge density equal to the Gaussian curvature. We could demonstrate the validity of the DebyeHückel approximation of the Coulomb gas model, which is not evident, since the Coulomb gas model originates from a low temperature model of the orientational order. 
